INTRODUCTION w x
This paper concerns questions arising out of Baer 2 , Asaad and w x w x w x Shaalan 1 , and Carocca 4 . It is shown in 2 that a finite group G which is the product of two normal supersoluble subgroups is supersoluble if and X w x only if G is nilpotent. Asaad and Shaalan 1; Theorem 3.8 proved the following generalization of Baer's result:
Assume that a finite group G is the product of the supersoluble subgroups H and K. Assume further that G X is nilpotent. If H permutes with every subgroup of K and K permutes with every subgroup of H, then G is supersoluble.
They also prove an analogous result by considering K nilpotent instead of X Ž . w x G nilpotent Theorem 3.2 . Later, Carocca 4 presented extensions of the preceding result considering p-supersolubility instead of supersolubility. w x Following Carocca 4 , we say that the subgroups H and K of a group G are mutually permutable if H permutes with every subgroup of K and K permutes with every subgroup of H. If G s HK and H and K are mutually permutable, we say that G is the mutually permutable product of the subgroups H and K. This paper focuses attention on the study of finite mutually permutable products and it can be considered as a continuation of the previously mentioned papers. We show here that supersoluble residual respects the operation of forming mutually permutable products under some restrictions.
It is well known that the class U U of all finite supersoluble groups is a formation. This means that if a finite group G is supersoluble and N is a normal subgroup of G, then GrN is supersoluble and if M and N are two Ž . normal subgroups of a finite group G, then Gr M l N is supersoluble provided that GrM and GrN are supersoluble. Consequently, every finite group G has a smallest normal subgroup with a supersoluble quotient. This subgroup is called supersoluble residual of G and it is denoted by G U U . It is clear that G U U is epimorphism-invariant and so it is a characteris-Ž w x . tic subgroup of G see 5; II, 2.4 for details . Our results can be summarized as follows:
Let the finite group G s HK be the mutually permutable product of the subgroups H and K. Assume that one of the following conditions is satisfied:
. w x Whenever possible we follow the notation and terminology of 5 . All groups considered are finite.
PRELIMINARY RESULTS
In this section, we collect some definitions and results that are needed in the sequel.
DEFINITIONS. We say that a chief factor HrK of a soluble group G is 
DEFINITION. Let G be a group and let A be a subgroup of G.
Ž . a A is said to be subnormal in G, if there exists a chain of subgroups,
A is said to be quasi-normal in G, if A permutes with every w x subgroup of G. Theorem 7.2.1 of 6 shows that quasi-normality implies subnormality. The subgroup generated by a noncentral involution of the dihedral group of order 8 is a subnormal subgroup which is not quasi-normal.
DEFINITION. Let G be a group and let H and K be subgroups of G.
Ž .
a We say that H and K are mutually permutable if H permutes with every subgroup of K and K permutes with every subgroup of H.
b We say that H and K are totally permutable, if every subgroup of H permutes with every subgroup of K.
Normal and totally permutable products are mutually permutable products. If G is the symmetric group of degree 4 and H is a Sylow 2-subgroup of G and K is the alternating group of degree 4, then H and K are mutually permutable but not totally permutable. In the following proposition, we gather the basic properties of mutually permutable products.
Žw
x. PROPOSITION 1 4; 3.5 . Let the group G s HK be the product of the mutually permutable subgroups H and K. Then: 
PROOFS
We have thought it desirable to collect together the arguments common Ž . to our main theorems. By a mutually permutable 3-tuple G, H, K we mean an ordered sequence of groups where H and K are mutually permutable subgroups of G such that G s HK.
Consider the class ␤ composed of mutually permutable 3-tuples Ž . is an elementary abelian p-group for some prime p.
Because by i G is abelian, we have that H is abelian. So H s H F U U w x for some supersoluble projector F of H and H l F s 1 5; IV, 5.18 .
Suppose that X is a proper subgroup of G. Then by the minimal choice
Consequently L is supersoluble. Hence X s FK s LK is a mutually permutable product of the supersoluble subgroups L and K. Moreover either K is nilpotent or G X is nilpotent.
Ž . Consequently X, L, K is a mutually permutable 3-tuple in ␤. By our choice of G, it follows that X is supersoluble. Now G s G U U X. We can w x apply then 5; III, 3.14 to conclude that X is contained in a supersoluble would be a normal subgroup of G . Therefore RG is contained in M and
Ž . This would imply H s G by step i , giving a contradiction. Consequently, RG U U is supersoluble. But then R is a normal Sylow r-subgroup of RG U U . This implies that R is a normal subgroup of G. This is a contradic-Ž . Ž . tion to the fact that F G s O G . Therefore p is the largest prime
Ž . P and so P is a normal subgroup of G. This yields P s F G and then Ž . Ž . G s HF G . This contradicts step iv .
FINAL REMARK
The pre¨ious theorems are not true if the assumption K or G X nilpotent is weakened to the one K supersoluble. Take for instance X s C , the cyclic 5 group of order 5, and V an irreducible and faithful X-module over Ž . w x GF 11 . Let Y s V X be the corresponding semidirect product. 
